We derive a systematic procedure of computing the vacuum functional and fermion condensate of the massive Schwinger model via a perturbative expansion in the fermion mass.
Introduction
The massless Schwinger model has been studied extensively because, although being exactly soluble, it has quite a rich structure that resembles features of more realistic theories. Among these are: a massive physical state is formed via the chiral anomaly ( [1] , [2] , [15] , [12] , [14] , [8] , [7] , [6] ) (this state is noninteracting in the massless Schwinger model). There are "instanton-like" gauge field configurations present, and therefore the vacuum structure is nontrivial: the true vacuum is a superposition of all instanton sectors, and each possible superposition is labelled by a vacuum angle θ ( [2] , [17] , [3] , [4] , [9] , [7] , [6] , [5] ). However the physics does not depend on the value of θ in the massless case.
The massive Schwinger model is no longer exactly soluble ( [10] , [11] , [13] , [8] ). But all of the nontrivial features of the massless model persist to hold, at least for small fermion mass. The massive state is now interacting, and its mass acquires corrections due to the fermion mass. Instantons and nontrivial vacuum are present, too, and, in addition, physical quantities now depend on the value of the vacuum angle θ.
Here we will show how some physical quantities may be computed via a perturbative expansion in the fermion mass, and we will arrive at some numerical results for the vacuum functional and fermion condensate. For this we use the wellknown exact path integral solution of the massless Schwinger model as a starting point.
Perturbative computation
The vacuum functional for the massive Schwinger model may be written as a sum of all instanton sectors (k . . . instanton number)
where
(A µ = ǫ µν ∂ ν β corresponding to Lorentz gauge) where we expanded the mass term. Therefore the vacuum functional is related to the computation of fermionic VEV of the massless Schwinger model (and in addition some space time integrations thereof). These fermionic VEV of the massless Schwinger model may be computed from the generating functional
(ηΨ
where the fermions have already been integrated out. Ψ
are the fermionic zero modes and G β is the exact fermionic Green's function in the external gauge field β, and D is the operator of the effective gauge field action, with Green's function
From this all fermionic VEV may be computed (for details see e.g. [6] , [7] , [5] ). It is useful to rewrite the fermionic scalar bilinears in terms of chiral bilinears like
because for a VEV of products of S ± only a definite instanton sector contributes. E.g. the fermion condensate is
where γ is the Euler constant and µ the Schwinger mass µ 2 = e 2 π . For higher VEV of n + S + and n − S − one finds
where σ i = ±1 for H i = ±. The sole contribution to this VEV stems from the instanton sector k = i σ i = n + − n − (see e.g. [6] , [5] , [16] ). Now we just have to insert this result into the perturbation expansion (2) . For a first, rough approximation we may use the fact that the massive scalar propagator D µ (x) vanishes exponentially for large argument. Therefore, when integrating over space time and expanding the exponential, all contributions from D l µ will be ignored for the moment, supposing that the space time volume V is sufficiently large. In this case the integrations in (2) just produce factors of V . Further, when inserting (7) in (2) we have to sum over all possible distributions of n + = n − n − pluses and n − minuses on n scalar densities S. This results in a factor n n − . Therefore we find for the n-th order term
and for the normalized vacuum functional
(we ignored terms like m n V n−1 in this approximation compared to m n−1 V n−1 , therefore (9) is the first order result in m). This result is wellknown, and its consequences for the vacuum structure and spectrum of the Dirac operator are discussed in great detail in [18] .
To obtain higher order results, we rewrite the exponential in (7) like e.g.
Both functions E(x), F (x) vanish exponientially for large argument. Using this notation and inserting (7) into the perturbation expansion (2) we obtain, order by order:
n=2:
n=3:
n=4:
. . . where e.g.
and we displayed the result up to the accuracy we need. Observe that the result is not obtained by just expanding polynomials like (1 + E(x i ) l , because e.g. a third power in E(x i ) may contribute to V n−3 E 3 or to V n−2 E × E × E.
In a next step we rearrange the terms (12) - (15) in rising powers of V :
(e 4iθ + 4e 2iθ + 6 + 4e −2iθ + e −4iθ ) + . . . + . . .
=:
We find that the coefficient of V n n! is the n-th power of some specific function α where α does not depend on V any more. This feature could have been expected, because the fermion condensate should not depend on the volume V . With this function α,
the normalized vacuum functional may be written like
From this it is very easy to compute the fermion condensate
For a numerical evaluation of order m we have to compute the coefficients E and F . First, both E and F are proportional to
E(x) is well behaving (E(0) = −1), so the numerical integration is straight forward. F (x) is singular at x = 0, F (x) ∼ 1 x 2 for x → 0, but this singularity can easily be understood and removed in a unique way. Indeed, this singularity is just the free fermion singularity, as can be seen by rewriting F (x) like
This singularity may be isolated by a partial integration:
Observe that the first term precisely leads to the free field singularity at the lower boundary (and vanishes at the upper boundary). So the second term is the unique and finite result we are looking for. The numerical integration gives
With these results we find for the fermion condensate
or, using (6), 
This is our final result. Observe that the correction is minimal for θ = 0.
Summary
We have derived a systematic procedure of computing the vacuum functional and fermion condensate of the massive Schwinger model in a mass perturbation theory, order by order. For the first nontrivial order we even displayed numerical results. For higher orders the numerical calculations are more involved (because of the occurrence of linked functions in the integrations, like E × E × E), but in principle they could be performed, e.g. in order to compare the result to the results of other approaches. The numerical computations in this article were done with Mathematica 2.2.
